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Abstract
In 1976, Steinberg conjectured that plane graphs without cycles of length 4 and 5 are 3-colorable. Recently, Borodin et al. proved
that plane graphs without cycles of length from 4 to 7 are 3-colorable. In this note, we make a moderate improvement on the result
of Borodin et al., that is, we prove that if a plane graph without cycles of length 4, 6 and 7 contains no adjacent 5-faces, then it is
3-colorable. As a corollary, every plane graph without cycles of length 4, 6, 7 and 8 is 3-colorable.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The notation and terminology used but undeﬁned in this paper can be found in [1]. Let G = (V (G),E(G), F (G))
be a ﬁnite simple plane graph where V (G), E(G) and F(G) are the sets of vertices, edges and faces of G, respectively.
Two vertices u and v are said to be adjacent if uv ∈ E(G). Two faces are said to be adjacent if they have at least
one edge in common. Furthermore, normal adjacent, if they have only two vertices in common. For a vertex v, d(v)
denotes its degree. A k-vertex is a vertex with degree k. A closed walk around a face f , denoted by b(f ), is called the
boundary of f . The degree of f is the steps walking through the boundary. A k-face is a face with degree k. The set of
vertices on f is denoted by V (f ). A k-cycle is a cycle of length k.
Let C be a cycle of G. The set of vertices inside C is denoted by int(C). The notation out(C) is similarly deﬁned,
that is, the set of vertices outside C. If both int(C) and out(C) are not empty, then C is called a separating cycle.
Let u and v be two vertices of a cycle C in G, the segment of C clockwisely from u to v is denoted by C[u, v], and
C(u, v) = C[u, v] − {u, v}.
A graphG is said to be 3-colorable if one can color its vertices with three distinct colors so that every pair of adjacent
vertices receives different colors. As usual, if a mapping  : V (G) → {1, 2, 3} satisﬁes that, for any pair of adjacent
vertices u and v, (u) = (v), then  is called a 3-coloring of G.
After the well-known Four Color Conjecture turned to be the Four Color Theorem in 1976, the problemwhen a plane
graph is 3-colorable has been of greater interest than ever in coloring theory. A longstanding conjecture of steinberg
says that plane graphs without cycles of length 4 and 5 are 3-colorable, see [3]. Although several attempts towards the
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conjecture has been made in the literature, the goal to complete the conjecture seems still far away. Recently, Borodin
et al. made a great jump in this direction, that is, they proved that plane graphs without cycles of length from 4 to 7 are
3-colorable which greatly improved previous results on this topic, see [2]. Soon later, Xu [4] surprisingly improved the
result of Borodin et al. to that plane graphs with neither cycles of length 5 and 7, nor adjacent triangles are 3-colorable!
In this note, applying the same methods as used in [2,4], we obtain a result paralleling to the result of Borodin et al.,
that is, plane graphs without cycles of length 4, 6, 7, or 8 are 3-colorable.
In the following, we use G to denote the class of plane graphs that contains no cycles of length 4, 6, 7 and adjacent
5-faces. Below is our main theorem.
Theorem 1. LetG ∈ G contain at least one 5-cycle. If f is a 3-face, or a 8-face, or a 9-face of G, then every 3-coloring
of G[V (f )] (the subgraph of G induced by V (f )) can be extended to the whole graph G.
2. Proof of Theorem 1
Suppose to the contrary that G is a counterexample to Theorem 1 such that (G) = |V (G)| + |E(G)| is as least as
possible, that is, G ∈ G has a 3-face, or an 8-face, or a 9-face, say, f0, such that G[V (f0)], in short, f0, has a 3-coloring
 that cannot be extended to the whole graph G. Without loss of generality, we can assume that f0 is the unbounded
face of G. Let C = b(f0) be the boundary of f0, and P = |C|. It is easy to prove the following lemmas, see [2,4].
Lemma 1. For any v ∈ V (G − C), dG(v)3.
Lemma 2. A 3-cycle and a 5-cycle have no common edges, since G contains neither 4-cycles nor 6-cycles.
Lemma 3. G contains no separating 3-, 8-, or 9-cycles.
Proof. Otherwise, let S be a separating 3-, or 8-, or 9-cycle of G. Clearly, (G− int(S))< (G), and G− int(S) ∈ G.
By the minimality of (G),  can be extended to G − int(S), and then the restriction of  on S can be extended to
G − out(S). Thus, we obtain an extension of  to G, a contradiction. 
Lemma 4. G is 2-connected, hence, every face is a simple face, that is, its boundary is a cycle.
Lemma 5. C has no chord.
Proof. It is obvious if P = 3. If P = 3, suppose uv is a chord of C. Obtain a new graph G∗ by deleting uv from G.
Since (G∗) = (G) − 1, by the minimality of (G),  can be extended to G∗. Note that (u) = (v) since  is a
3-coloring of G[V (f0)]. Therefore,  can be extended to G, a contradiction. 
Lemma 6. Suppose P = 9, u, v ∈ C, and x /∈C. If xu, xv ∈ E(G), then uv ∈ E(C).
Proof. Suppose to the contrary that uv /∈E(C). By Lemma 5, uv /∈E(G). Without loss of generality, assume
|V (C[u, v])| = < |V (C[v, u])|, then 35. If  = 3, then C[u, v] ∪ xu ∪ xv would be a 4-cycle, a contra-
diction. If = 4, C1 = C[v, u] ∪ xu ∪ xv would be a 8-cycle, by Lemma 3, int(C1) = ∅. Noting that x is not adjacent
to any vertex in V (C[u, v]) (otherwise, a 4-cycle would appear), if insert three new vertices into the edge xv, and then
delete C(v, u) from G, then we get a new graph G∗ that belongs to G and (G∗)< (G). Thus,  could be extended
to G∗, and then to G, a contradiction. If = 5, then C[u, v] ∪ xu ∪ xv would be a 6-cycle, a contradiction. 
Lemma 7. Let C1 be a 5-cycle. If P = 3, then |C1 ∩ C|1. If P = 8, or 9, then |C1 ∩ C|3.
Proof. Consider P = 3. If |C1 ∩ C| = 2, then G would contain a 6-cycle. If |C1 ∩ C| = 3, then G would contain a
4-cycle.
Now, consider P = 8 or 9. First note that C has no chord. It follows that the common vertices of C1 and C must
consecutively appear on C. By Lemma 6, the conclusion is certainly true if P = 9. Let P = 8. If |C1 ∩ C| = 4, then G
would have a 7-cycle. If |C1 ∩ C| = 5, then C would have a chord. 
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Lemma 8. G contains no 5-cycle.
Proof. We ﬁrst prove that G contains no separating 5-cycles. Suppose to the contrary that C1 is a separating 5-cycle
of G. By the minimality of (G),  can be extended to G− int(C1). Note that, by Lemma 2, no 3-cycle shares an edge
with C1. By inserting 3 new vertices in some edge of C1 (note that this operation does not produce any new 4-, 6-, or
7-cycles as well as adjacent 5-faces), we get an 8-cycle, say, C′1. Clearly, we can properly color the three new vertices,
and then get a 3-coloring of C′1, say, 
′
. Deleting out(C1), we get a new graph, say, G1. Clearly, G1 ∈ G.
If P = 3, by Lemma 7, (G1)< (G). It follows that ′ can be extended to G1. Now, erasing the three new vertices
inserted just, we get an extension of  from C to G, a contradiction.
If P = 3, By |C1 ∩ C|1 (Lemma 7) and G is 2-connected and contains no 4-, 6-, and 7-cycles, we still have
(G1)< (G). Therefore,  can still be extended to G, a contradiction showing that G contains no separating 5-cycle
indeed.
What follows is to show that G contains no 5-faces.
Suppose f is a 5-face of G. We assume that C1 = uvxyz is the boundary of f clockwisely, and u, x ∈ C1\C if
|C ∩C1|2; and assume, by Lemma 5, z, u, v consecutively appears on C clockwisely if |C ∩C1| = 3. By identifying
u and x (and taking two parallel edges as one edge), we get a new graph, say, G∗. Clearly, (G∗)< (G).
If we can show that:
(1) G∗ ∈ G and
(2)  is still a 3-coloring of the unbounded face of G∗, then  can be extended to G∗, and then to G, a contradiction
completing the proof.
We ﬁrst show (2). If |C ∩ C1|2, then, by our assumption, u, x /∈C, that is, the operation of identifying u and x
does not affect the property of  as a 3-coloring of the unbounded face of G∗. If |C ∩ C1| = 3, the conclusion that 
is still a 3-coloring of the unbounded face of G∗ comes from that, except v, x has no other neighbors on C since G has
no cycles of length 4, 6 and 7.
We next prove (1).
Claim 1. G∗ contains no adjacent 5-faces.
Suppose to the contrary that G∗ contains two adjacent 5-faces, say, g and g′. Since G has no two adjacent 5-faces,
the common edge of g and g′ in G∗ is not any edge of G, namely, it is the new edge produced by identifying u and x.
It follows that f , g are two adjacent 5-faces in G, a contradiction.
Claim 2. G∗ contains no 4-cycles.
Suppose to the contrary that G∗ contains a 4-cycle, say, C2 = uv1v2v3x (note that u = x). If v /∈A = {v1, v2, v3},
then C′ = vuv1v2v3xv would be a 6-cycle of G, a contradiction. So, we assume v ∈ A. If v = v1, then G would have a
4-cycle, say, C′ = v1v2v3xv, a contradiction. By symmetry, v = v3. If v = v2, then vxyzuv1v2 would be a 6-cycle of
G, a contradiction again.
Claim 3. G∗ contains no 6-cycles.
Suppose to the contrary that G∗ contains a 6-cycle, say, C2 = uv1v2v3v4v5x (note that u = x). Let A = {vi |i =
1, 2, 3, 4, 5} and B = {v, y, z}.
Case 1: A ∩ B = ∅.
Note that no matter whether v is on C or not, we always have dG(v)3. Let w be a neighbor of v other than u and
x. We claim that w /∈A. This comes from the following case analysis:
• if w = v1 or v5, then G would have a 6-cycle;
• if w = v2 or v4, then G would have a 4-cycle; and
• if w = v3, then G would have a separating 8-cycle, or two adjacent 5-faces.
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Of course, w = y, z. Thus, C′ = vuv1v2v3v4v5xv would be a separating 8-cycle of G which contradicts Lemma 3.
Case 2: v ∈ A.
If v = v1, then v1v2v3v4v5xv would be a 6-cycle of G, a contradiction. By symmetry, v = v5.
If v = v2, then vxyzuv1v2 would be a 6-cycle of G, a contradiction. By symmetry, v = v4.
If v = v3, then vuv1v2v3 would be a 4-cycle of G, a contradiction.
Case 3: y ∈ A.
If y = v1, then G would have a 4-cycle, say, yxvuv1, a contradiction.
If y = v2, then G would have a 4-cycle yzuv1v2 when z = v1, otherwise, G would have either two adjacent 5-faces,
say, f = uvxyz and g = xyv3v4v5, or a separating 8-cycle, say, uzyv3v4v5xvu, a contradiction.
If y = v3, then yxv5v4v3 would be a 4-cycle of G, a contradiction.
If y = v4, then yzuvxv5v4 would be a 6-cycle of G, a contradiction.
If y = v5, noting that, by symmetry, z = v5, v4, v3, v2, clearly, G would have either two adjacent 5-faces or a
separating 8-cycle when z = v1, otherwise, G would have a 7-cycle, say, yzuv1v2v3v4v5, anyway, a contradiction.
Case 4: z ∈ A.
Just as Case 3, this case is also impossible.
Claim 4. G∗ contains no 7-cycles.
Claim 4 can be veriﬁed just as Claim 3. So we omit its details. 
Lastly, Lemma 8 contradicts the assumption of Theorem 1. The proof of Theorem 1 is completed.
Note that a plane graph without 8-cycles cannot have two normal adjacent 5-faces, and two adjacent 5-faces in a
plane graph without cycles of length 4, 6 must be normal adjacent. Therefore, we have
Corollary 1. If G is a plane graph without cycle of length 4, 6, 7, and 8, then G is 3-colorable.
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